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We show that the spectral dimension on non-generic branched polymers with susceptibility exponent γ > 0 is
given by ds = 2/(1 + γ). For those models with γ < 0 we find that ds = 2.
1. INTRODUCTION
The manifolds in the ensemble of two-
dimensional quantum gravity have a rich struc-
ture which can be characterized in a number of
different ways. In particular there are several dif-
ferent quantities which in the case of smooth regu-
lar manifolds take the same value and correspond
to the usual notion of dimension. When com-
puted for manifolds which are far from regular
these quantities, which in fact probe different as-
pects of the geometry, can yield different values.
The Hausdorff dimension dh is defined through
the volume, dV of an annulus of geodesic thick-
ness dR at geodesic distance R from a point by
dV ∼ Rdh−1 dR (1)
On the other hand the spectral dimension ds de-
scribes the properties of a random walk, gener-
ated by the diffusion equation, on the manifold.
A walker sets off from a point P; the probability
that after making t steps (a step is defined as a
move from one lattice point to a neighbouring one
in discretized quantum gravity) he has returned
to P is
P (t) ∼
1
tds/2
(2)
provided that N∆ ≫ t ≫ 1 to avoid finite
size and discretization effects respectively. For
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smooth regular two dimensional manifolds dh =
ds = 2. The spectral dimension has been deter-
mined for various two-dimensional quantum grav-
ity systems by Monte Carlo simulation, scaling re-
lations, and exact calculation. In [1] it was shown
that for the generic branched polymer ensemble
ds = 4/3 whereas the corresponding Hausdorff di-
mension is 2 [3]. Using the same method we have
now extended the calculation to the non-generic
branched polymers [2].
2. CALCULATION
The branched polymer ensembles have a grand
canonical partition function Z(µ) given by [3]
Z(µ) = e−µ(1 +
∞∑
n=1
αnZ(µ)
n) (3)
which is non-analytic as µ ↓ µcr with behaviour
Z(µ) ≃ Const− (µ− µcr)
1−γ (4)
For generic branched polymers (a finite number
of αn non-zero, and all positive) we get γ = 1/2;
the multi-critical BPs (at least k αs non-zero and
specially tuned) have γ = 1− 1/(k+ 1) with k =
2, 3, . . . and the continuous critical BPs have any
γ < 1 at the expense of having an infinite number
of the αs non-zero.
Our calculation of ds for the non-generic BPs
[2] follows the method of [1]; the main generaliza-
tion is that the generating function for the return
2A   =
A
A
A
1
2
n
Figure 1. The constituents A1, . . . ,An of a
branched polymer A.
probabilities on any branched polymer A can al-
ways be expressed in terms of those for its con-
stituents A1,A2, . . . (see fig.1). Letting
PA(y) =
∑
t
ytP (t) =
1
1− y
1
hA(y)
(5)
we find that
hA(y) =
1 +
∑n
i=1 hAi(y)
1 + (1 − y)
∑n
i=1 hAi(y)
(6)
The main result that we prove is that defining
H
(n1,n2,...,np)
A =
p∏
i=1
dni
dyni
hA(y)|y=1 (7)
then
H(n1,n2,...,np)(z) =
∑
A
zNAwAH
(n1,n2,...,np)
A (8)
has the asymptotic behaviour
H(n1,n2,...,np)(z) ∼ (zcr−z)
1−γ−p−(1+γ)
∑
p
i=1
ni(9)
(where z = e−µ, the sum over A runs over all
BPs, NA is the number of links in A, and wA the
weight for A in the graphical expansion of (3)).
This is done by induction on n and p and using
(6) to generate the derivatives.
Using this result we can compute the asymp-
totic expansion of the grand canonical generating
function
P(z, y) =
∑
A
zNAwAPA(y) (10)
Taking the n’th derivative of (10) and setting y =
1 yields a sum of terms which are precisely the
H(n1,n2,...,np)(z). Thus we are able to show that
(supposing for a moment that the Taylor series is
convergent about y = 1, and dropping a trivial
pole term)
P(z, y) = (1− z/zcr)
β
Φ
(
1− y
(1− z/zcr)
∆
)
(11)
with β = 1−2γ and ∆ = 1+γ. In fact the Taylor
series is not convergent, nor is it Borel summable.
However it is possible to prove [1] that it is an
asymptotic series with an integral representation
which has no unphysical singularities in the re-
gion of interest. The absence of Borel summa-
bility means that this integral representation is
not unique; however it can only differ from the
true result by terms involving essential singulari-
ties which vanish at y = 1. Since P has ordinary
non-analytic behaviour at y = 1 these possible
essential singularities can have no effect on the
physics.
3. RESULTS
It was shown in [2] that the critical behaviour
of P is related to the spectral dimension through
β = 1− γ +∆
(
ds
2
− 1
)
(12)
When γ > 0 we find that ds = 2/(1 + γ). This
is of course consistent with the previously known
result for the generic case. It also shows that the
spectral dimension is not an independent criti-
cal exponent for these models – it is completely
determined by γ. For the models with γ < 0
(for which ∆ = 1 and β = 1 − γ) we find that
ds = 2 always. This is the same as the value
now established for the quantum gravity phase
[4] but this is a coincidence. The negative γ BPs
are rather pathological objects being very bushy
3(this is the effect of the dominance of the high
order branching in (3)) and there is no sense in
which the walker is really “diffusing”; in reality
he is just going backwards and forwards along the
short branches of the bush. One cannot deduce
from the coincidence of ds that negative γ BPs
are the same as the quantum gravity phase!
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